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Abstract
It has been shown that only certain neutrino mass matrices with texture zeros are
compatible with existing data. We discuss the stability of phenomenological conse-
quences of texture zeros under radiative corrections in the type-I see-saw scenario.
We show that under certain conditions additional patterns are allowed due to these
effects.
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1 Introduction
Remarkable progress has been made in recent years in the determination of neutrino masses
and mixings, especially due to the results from oscillation experiments. The fact that two
of the three mixings turned out to be large came as a surprise and shows that we are still
far from a fundamental understanding of the flavour structure of the Standard Model (SM)
and its extensions which include neutrino masses. This surprise should remind us that the
absolute neutrino masses need not be hierarchical as na¨ively expected from the analogy
to the quark sector. This is important, since renormalization group (RG) effects can then
have a considerable impact on the evolution of flavour structures towards the scale where
they are explained.
Similar to models in the quark sector [1–9], one framework to understand the neutrino
masses and mixings is to assume certain elements of the mass matrix to be zero [10–23].
Such texture zeros can be produced, for example, by flavour symmetries, see e.g. [24].
However, these symmetries are often broken at a high energy scale, so that RG running
destroys the texture zeros. A classification of textures with two or more zeros and their
compatibility with experimental data was given in refs. [10, 11]. We will study how RG
corrections affect these results. In particular, we will show that some of the patterns which
have been excluded become allowed, if the running leads to sufficiently large entries in the
positions of the former zeros.
The running of neutrino parameters is described at low energies by the RG equations for
the leading neutrino mass operator. In the SM and its minimal supersymmetric extension
(MSSM) with massive neutrinos, this is a dimension 5 operator, whose energy dependence
is determined by the RG equation [25–28]
16pi2
dκ
dt
= C (Y †e Ye)
T κ+ C κ (Y †e Ye) + ακ . (1)
The neutrino mass matrix is defined as mν =
v2
4
κ, where v ≈ 246 GeV in the SM and v ≈
sin β ·246 GeV in the MSSM. The renormalization scale µ enters as usual via t = ln(µ/µ0),
and C = −3
2
in the SM, C = 1 in the MSSM. Finally, α is a flavour scalar containing e.g.
gauge couplings. Hence, the last term in the RG equation is flavour-blind and leads only
to an overall rescaling which does not affect the mixing parameters.
In this paper, we work in the basis where the Yukawa matrix of the charged leptons
Ye is diagonal, i.e. we use the same classification of textures as in [10, 11]. From eq. (1)
it follows then immediately that the radiative corrections to each element of the neutrino
mass matrix (or, equivalently, κ) are proportional to this element itself, so that a zero entry
remains zero. However, this changes in the type-I see-saw scenario [29–32] at energies larger
than the masses of the heavy singlet neutrinos that are introduced in order to explain
the smallness of the light neutrino masses. Above this threshold, the neutrino Yukawa
couplings Yν contribute to the RG equations. In general, they are non-diagonal and hence
cause a mixing of the mass matrix elements, so that the elements which are zero at the
high-energy scale obtain a finite value at low energies and thus texture zeros are destroyed.
We will determine under which conditions this modifies the compatibility of textures with
experimental data. We will apply a bottom-up approach, i.e. we will study if the RG
running from low to high energies can lead to a zero element. Therefore, we will refer to
this possibility as radiative generation rather than destruction of texture zeros.
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2 Conditions for the Stability of Textures
2.1 Running of the Effective Neutrino Mass Matrix
In the full theory with singlet neutrinos, i.e. above the highest see-saw scale, the relevant
quantity for our discussion is the effective light neutrino mass matrix defined as
mν = −
v2
2
Y Tν M
−1Yν , (2)
where M is the mass matrix of the heavy singlets and v is the relevant Higgs vacuum
expectation value at low energy. From the RG equations for Yν and M [33–38] one obtains
16pi2
dmν
dt
= (Ce Y
†
e Ye + Cν Y
†
ν Yν)
T mν +mν (Ce Y
†
e Ye + Cν Y
†
ν Yν) + α
′mν (3)
with Ce = −
3
2
, Cν =
1
2
in the SM, Ce = Cν = 1 in the MSSM, and
α′
SM
=−
9
10
g2
1
−
9
2
g2
2
+ 2Tr(Y †ν Yν) + 2 (y
2
τ + y
2
µ + y
2
e) +
+ 6 (y2t + y
2
b + y
2
c + y
2
s + y
2
d + y
2
u) , (4a)
α′MSSM =−
6
5
g21 − 6g
2
2 + 2Tr(Y
†
ν Yν) + 6 (y
2
t + y
2
c + y
2
u) , (4b)
where yi are Yukawa couplings. We use GUT charge normalization for the U(1) gauge
coupling. Between the mass thresholds, the running is modified because the singlets are
successively integrated out [39]. Note that the RG equations for the effective mass opera-
tors cannot be obtained from eq. (3) by omitting suitable Yukawa couplings in general [40].
2.2 Mass Matrix Elements
In the bottom-up approach, one can understand under which circumstances the radiative
generation of texture zeros is possible. If an element of the neutrino mass matrix, say
mνij , is to be zero at the GUT scale MGUT, the sum of its value at the see-saw scale M1
and its change due to the running between this scale and MGUT has to be zero. In linear
approximation, this means
mνij
∣∣
M1
≈ −m˙νij
∣∣
M1
· ln
MGUT
M1
. (5)
If mνij is complex, this relation must be satisfied for both its real and its imaginary part.
Hence, we can assume mν to be real in the following derivation if we keep in mind that each
equation actually stands for two. We also assume that all singlet neutrinos are integrated
out at the mass M1 of the lightest singlet. To obtain a conservative bound, we choose this
mass to be larger than about 109 GeV. Of course, smaller values are possible in principle,
but then the neutrino Yukawa couplings have to be rather small as well, so that the RG
evolution is actually suppressed. In the numerical examples presented later on, the see-saw
scale lies comfortably above this lower bound. With M1 & 10
9 GeV and MGUT ∼ 10
16
GeV, eq. (5) becomes
−
16pi2 m˙νij
mνij
& 10 . (6)
2
Here and in the following, we implicitly assume the values of energy-dependent quantities
like mν to be taken atM1. Keeping only the top and tau Yukawa couplings and introducing
the abbreviation H := Y †ν Yν , the RG equation (3) can be rewritten for an individual matrix
element,
16pi2 m˙νij = (mνH)ij + (mνH)ji + σmνij (7)
with
σ := 2TrH + (δi3+ δj3) y
2
τ +6y
2
t −
6
5
g2
1
− 6g2
2
M1=1013 GeV
≈ 2TrH + (δi3+ δj3) y
2
τ +1 (8)
in the MSSM. Note that σ is always positive. Plugging (7) into ineq. (6) and collecting all
terms independent of mν on the r.h.s. yields
−
∑
k 6=j mνikHkj +
∑
k 6=imνjkHki
mνij
& 10 + σ +Hii +Hjj . (9)
Careful inspection of this relation shows that radiative generation of texture zeros requires
at least one element of mν to be roughly an order of magnitude larger than the value of the
zero candidate at the see-saw scale. In the complex case, both the real and the imaginary
parts of the matrix elements have to satisfy this requirement.
To see this, consider the easiest case first: let us assume that the l.h.s. of ineq. (9) is
dominated by a single term, say mνikHkj (i 6= j), and that Hkj ∼ 1. Then Hjj ∼ 1, Hii is
small, and TrH ∼ 2. Hence, we obtain
−
mνik
mνij
& 16 . (10)
In principle, Hkj could be as large as 3 as long as all |Yνij | . 1. This would reduce the
required hierarchy somewhat, but the difference is not dramatic as the terms containing
H on the r.h.s. become larger as well.
The smallest hierarchy is expected if all elements of H are large. For Hij ∼ 1, we find
−
∑
k 6=j mνik +
∑
k 6=imνjk
mνij
& 19 , (11)
so that
−
mνik
mνij
& 5 (12)
if all elements of the neutrino mass matrix except mνij are approximately equal. Thus,
the required hierarchy can be a bit smaller than an order of magnitude. However, in this
case it is difficult to find a Yukawa matrix which is perturbative and still reproduces the
correct neutrino mass parameters via the see-saw formula. Hence, we conclude that the
above statement about the required hierarchy in mν is reasonably conservative.
In the SM, the first two terms on the r.h.s. of eq. (7) are multiplied by an additional
factor of 1
2
, and σ is replaced by
σ = 2TrH + 6y2t −
9
10
g2
1
−
9
2
g2
2
M1=1013 GeV
≈ 2TrH + 0.4 , (13)
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where we have neglected the tau Yukawa coupling, too, since it is always small in the SM.
Because of the change in eq. (7), the term 10 + σ in ineq. (9) has to be multiplied by
2. Thus, a hierarchy is necessary in the SM as well, and it has to be even larger than in
the MSSM, so that the generation of texture zeros becomes harder. On the other hand,
the effects of the running between the mass scales of the heavy singlets can be especially
significant in the SM [40] and might provide a loophole attenuating the restrictions found
in this section.
2.3 Mass Eigenvalues
Let us now see what the hierarchy requirement for the elements of the neutrino mass matrix
means for the mass eigenvalues. For this purpose, we express the matrix elements in terms
of the eigenvaluesm1, m2, m3 and the mixing parameters. We use the approximations θ13 ≈
0 and ∆m2
⊙
≪ ∆m2
a
. For a normal mass hierarchy, we have m1 := m, m2 =
√
m2 +∆m2
⊙
and m3 ≈
√
m2 +∆m2
a
. Using
UTmν U = diag(m1, m2, m3) (14)
and the standard parameterization for the lepton mixing matrix U in the limit θ13 = 0,
U =


c12 s12 0
−c23s12 c23c12 s23
s23s12 −s23c12 c23

 · diag(e−iϕ1/2, e−iϕ2/2, 1) , (15)
we obtain (assuming without loss of generality that all unphysical phases in U are zero)
mν11 ≈
√
m2 +∆m2
⊙
s212 e
iϕ2 +mc212 e
iϕ1 , (16a)
mν22 ≈
√
m2 +∆m2a s
2
23 +
√
m2 +∆m2
⊙
c212c
2
23 e
iϕ2 +ms212c
2
23 e
iϕ1 , (16b)
mν33 ≈
√
m2 +∆m2
a
c2
23
+
√
m2 +∆m2
⊙
c2
12
s2
23
eiϕ2 +ms2
12
s2
23
eiϕ1 , (16c)
mν12 ≈
(√
m2 +∆m2
⊙
eiϕ2 −meiϕ1
)
c12s12c23 , (16d)
mν13 ≈ −
(√
m2 +∆m2
⊙
eiϕ2 −meiϕ1
)
c12s12s23 , (16e)
mν23 ≈
(√
m2 +∆m2
a
−
√
m2 +∆m2
⊙
c2
12
eiϕ2 −ms2
12
eiϕ1
)
c23s23 , (16f)
where s12 := sin θ12, c12 := cos θ12 etc. If the mass spectrum is hierarchical, i.e. m ≈ 0, the
elements of the first row and column of mν are of the order of
√
∆m2
⊙
, while the others
are of the order of
√
∆m2a. Hence, the maximal hierarchy between two elements of mν
is roughly
√
∆m2
⊙
/∆m2a ∼ 1/6, which is not enough for the generation of a texture zero.
This statement holds independent of the Majorana phases ϕ1 and ϕ2, since each matrix
element is dominated by just a single term. Note that the running of the mixing angles
between the electroweak and the see-saw scale does not change this conclusion, since it is
not significant for a strong normal hierarchy [41–43].
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For quasi-degenerate neutrinos, i.e. m2 ≫ ∆m2
a
, the above formulae simplify to
mν11 ≈ m
(
s2
12
eiϕ2 + c2
12
eiϕ1
)
, (17a)
mν22 ≈ m
(
s223 + c
2
12c
2
23 e
iϕ2 + s212c
2
23 e
iϕ1
)
, (17b)
mν33 ≈ m
(
c2
23
+ c2
12
s2
23
eiϕ2 + s2
12
s2
23
eiϕ1
)
, (17c)
mν12 ≈ m
(
eiϕ2 − eiϕ1
)
c12s12c23 , (17d)
mν13 ≈ −m
(
eiϕ2 − eiϕ1
)
c12s12s23 , (17e)
mν23 ≈ m
(
1− c2
12
eiϕ2 − s2
12
eiϕ1
)
c23s23 . (17f)
As the situation now depends on the values of the Majorana phases, we consider the real
cases first. For ϕ1 = ϕ2 = 0, the diagonal elements of the mass matrix approach m, while
the off-diagonal entries go to zero. One can show that mνij/mνii (i 6= j) are monotonous
functions of m. Hence, for a sufficiently large neutrino mass scale the required hierarchy in
the matrix elements arises and the radiative generation of zeros in the off-diagonal elements
becomes possible. In contrast, it is not possible to generate zeros in the diagonal entries.
If one Majorana phase is pi and the other one zero, i.e. one of the mass eigenstates
has a negative CP parity, all |mνij| become large for m → ∞. The smallest entry is
|mν11| ≈ m cos 2θ12, but it cannot be much smaller than the other matrix elements due to
the experimental bound cos 2θ12 > 0.22 at the 3σ level [44]. Quantum corrections between
the electroweak and the see-saw scale are not likely to change this situation, since they are
not significant in the SM, and since they only cause a decrease of θ12 in the MSSM [45]
unless θ13 is close to its experimental upper limit [43]. Consequently, the generation of a
texture zero is unlikely.
The last real case, ϕ1 = ϕ2 = pi, leads to the same conclusions for the first row and
column as ϕ1 = ϕ2 = 0, because only the phase difference is relevant here. The situation
changes for the diagonal elements mν22 and mν33 , which go to ±m cos 2θ23 now, so that
zeros can be generated in these elements if θ23 is close to 45
◦. The remaining off-diagonal
entry mν23 stays large for large atmospheric mixing and thus cannot be driven to zero by
the RG in this case.
For a complex mass matrix, i.e. arbitrary phases, the hierarchy requirement must be
satisfied by both the real and the imaginary parts of the respective matrix elements, as
mentioned in the beginning of this section. In the 23-block of mν , this is not possible even
if the Majorana phases are very small, because the hierarchy in the real cases is due to a
cancellation between the three terms contributing to mν23 , only two of which contribute to
the imaginary part. Consequently, one expects at first sight that texture zeros can only be
generated radiatively in the CP-conserving cases. However, this is too pessimistic, since
adding a small imaginary part to the neutrino mass matrix does not change the mixing
angles and mass squared differences significantly, except for special cases such as exactly
degenerate mass eigenvalues. This allows us to make the imaginary part vanish by slightly
adjusting the initial mass matrix, if the values of the Majorana phases are not too far away
from 0 or pi. For the elements of the first row and column, only the difference of the phases
is relevant. Hence, the radiative generation of a texture zero in these positions is possible
for arbitrary Majorana phases, provided that their difference is small.
If θ13 is non-zero, a finite Dirac phase δ could be an obstacle for the generation of
texture zeros as well. However, as θ13 is experimentally restricted to be relatively small
5
and does not grow too much under the RG [43], the same argument holds as for small
Majorana phases, so that the value of δ is not very important.
In the case of an inverted mass hierarchy, we use the convention m3 := m, m2 =√
m2 + |∆m2
a
| and m1 =
√
m2 + |∆m2
a
| −∆m2
⊙
≈ m2. Then the elements of the neutrino
mass matrix can be expressed as
mν11 ≈
√
m2 + |∆m2
a
|
(
s2
12
eiϕ2 + c2
12
eiϕ1
)
, (18a)
mν22 ≈
√
m2 + |∆m2a| c
2
23
(
c212 e
iϕ2 + s212 e
iϕ1
)
+ms223 , (18b)
mν33 ≈
√
m2 + |∆m2
a
| s2
23
(
c2
12
eiϕ2 + s2
12
eiϕ1
)
+mc2
23
, (18c)
mν12 ≈
(√
m2 + |∆m2a| e
iϕ2 −
√
m2 + |∆m2a| −∆m
2
⊙
eiϕ1
)
c12s12c23 , (18d)
mν13 ≈ −
(√
m2 + |∆m2
a
| eiϕ2 −
√
m2 + |∆m2
a
| −∆m2
⊙
eiϕ1
)
c12s12s23 , (18e)
mν23 ≈
(
−
√
m2 + |∆m2
a
|
(
c2
12
eiϕ2 + s2
12
eiϕ1
)
+m
)
c23s23 (18f)
for θ13 ≈ 0. We have not used the approximation m1 ≈ m2 for mν12 and mν13 to avoid
underestimating the size of these entries for small m and equal Majorana phases. For the
other matrix elements, this approximation is sufficiently accurate, since the mass eigenval-
ues are multiplied by s2
12
and c2
12
, respectively. Experimentally, these numbers are known
to be unequal (and this does not change during the running up to the see-saw scale, as
mentioned above), so that there is no complete cancellation if ∆m2
⊙
is neglected.
A strong mass hierarchy causes most elements of mν to be of the order of
√
∆m2a,
so that the radiative generation of texture zeros in these positions is not possible. The
exceptions are mν12 and mν13 , which are smaller than the other elements by a factor of
about ∆m2
⊙
/∆m2a for equal Majorana phases. Hence, these entries can become zero at the
GUT scale even for relatively small values of m.
For quasi-degenerate masses, the conclusions are the same as for a normal mass or-
dering. This is not surprising as the only difference is the sign of the atmospheric mass
squared difference, which is not important for |∆m2
a
| ≪ m2.
An overview of the results of this section is given in table 1. The positions in the
neutrino mass matrix where a texture zero can be generated radiatively are marked by a
“◦”. Comparing these results with the classification of two-zero textures in the literature,
we find that three of the six forbidden textures in [11] can be reconciled with data by the
RG evolution. These are the patterns of class F,


× 0 0
0 × ×
0 × ×

 ,


× 0 ×
0 × 0
× 0 ×

 ,


× × 0
× × 0
0 0 ×

 ,
where the crosses “×” stand for the non-zero entries. On the other hand, class E, i.e. the
matrices of the form

0 × ×
× 0 ×
× × ×

 ,


0 × ×
× × ×
× × 0

 ,


0 × ×
× × 0
× 0 ×

 ,
remain forbidden. The reason for this is the zero in the 11-element, which cannot be
generated radiatively due to the large deviation of the solar mixing angle from pi/4 (cf.
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Neutrino masses Majorana phases
Normal hierarchy, m1 ≈ 0 arbitrary
( · · ·
· · ·
· · ·
)
Inverted hierarchy, m3 ≈ 0 ϕ1 ≈ ϕ2
( · ◦ ◦
◦ · ·
◦ · ·
)
ϕ1 6≈ ϕ2
( · · ·
· · ·
· · ·
)
Quasi-degenerate ϕ1 ≈ ϕ2 ≈ 0
( · ◦ ◦
◦ · ◦
◦ ◦ ·
)
ϕ1,2 ≈ 0, ϕ2,1 ≈ pi
( · · ·
· · ·
· · ·
)
ϕ1 ≈ ϕ2 ≈ pi
( · ◦ ◦
◦ ◦ ·
◦ · ◦
)
ϕ1 ≈ ϕ2 6≈ 0, pi
( · ◦ ◦
◦ · ·
◦ · ·
)
ϕ1 6≈ ϕ2
( · · ·
· · ·
· · ·
)
Table 1: Possible positions of radiatively generated texture zeros in the neutrino mass matrix, marked by
a “◦”. For ϕ1 ≈ ϕ2 ≈ pi, at most 3 of the 4 zeros can be produced at the same time.
eqs. (17a), (18a)). One could hope to circumvent this problem by assuming that this
texture zero exists already at low energies and that only the second one is created by the
running. However, this is not possible, since mν11 = 0 requires either a strong hierarchy
or a difference of pi between the Majorana phases, both of which prevent the generation of
another texture zero.
Thus, the number of two-zero textures which are at least marginally compatible with
experimental data can be raised from 9 to 12 if one includes RG effects. Furthermore,
table 1 shows that a number of textures with three zeros, none of which is allowed at low
energies [10], should be possible as well.
3 Examples for Radiatively Created Texture Zeros
In this section, we give numerical examples for the radiative generation of texture zeros.
The RG evolution from the GUT scale to low energies is calculated numerically, starting
with the desired texture zeros in the neutrino mass matrix and suitable values for the other
parameters which ensure that all low-energy observables are compatible with experiment.
This time, we solve the complete set of coupled differential equations and take into account
the threshold corrections arising when the singlet neutrinos are successively integrated out
at different energies [39, 40]. The examples are intended as a proof of principle, and
therefore we show only one particular set of parameters for each case rather than trying to
determine the complete allowed region in parameter space. For the same reason, we do not
consider higher-order corrections from MSSM thresholds [46, 47] or two-loop effects [48],
for example, which could change the low-energy value of the solar angle and may make it
necessary to adjust some of the initial values, but do not spoil the general viability of the
scenario.
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3.1 Zeros in the 12- and 13-Entries
The texture with mν12 = mν13 = 0 (pattern F1 in the classification of [11]) implies either
m1 = m2 = m3 or θ12 = 0 and is therefore not compatible with data unless these predictions
are changed by quantum corrections. Both cases have been studied in the literature [49–51],
and it has been found that both can be compatible with the LMA solution at low energy.
Therefore, we do not give an example here.
3.2 Vanishing Neutrino Mixings at High Energy
The numerical analysis of cases where a vanishing 23-element is generated shows that
the 12- and 13-elements often become very small, too. This prompts one to ask whether
exactly vanishing mixings might be possible as well. As shown in the left column of figure
1, this is indeed the case. In this example, we choose a diagonal neutrino mass matrix
at MGUT = 10
16 GeV and use the MSSM with tanβ = 50 and a SUSY breaking scale of
MSUSY = 1 TeV, below which the SM is assumed to be valid as an effective theory. The
mass of the lightest neutrino at low energy is about 0.2 eV. The Majorana phases are set to
zero without loss of generality, since they can be absorbed by a redefinition of the neutrino
fields for a diagonal mass matrix. The numerical values of the light neutrino masses and
Yukawa couplings at the GUT scale are
mν(MGUT) =


0.2902 0 0
0 0.3056 0
0 0 0.3434

eV, Yν(MGUT) =


−0.04 0 0
−0.01 0.71 −0.02
0.004 −0.37 0.93

.
The masses of the singlet neutrinos are M1 ≈ 2 · 10
11 GeV, M2 ≈ 3 · 10
13 GeV, and
M3 ≈ 10
14 GeV. AtMZ , we obtain θ12 ≈ 32
◦, θ13 ≈ 0.5
◦, θ23 ≈ 46
◦, δ = 0, ∆m2
⊙
≈ 7.6·10−5
eV2, and ∆m2
a
≈ 2.3 · 10−3 eV2, all well within the experimentally allowed 2σ ranges. For
the neutrino mass matrix at the lowest see-saw scale, we find
mν(M1) =


0.2558 1.2 · 10−4 −4.0 · 10−5
1.2 · 10−4 0.2600 0.0041
−4.0 · 10−5 0.0041 0.2774

eV . (19)
It clearly satisfies the requirement of a strong hierarchy between those elements that vanish
at the GUT scale and the other entries, which we derived in section 2.2. Especially the
large θ23 at low energies is easier to obtain in the MSSM than in the SM, since in the former
the contribution of the running below the see-saw scale is also significant, if tan β is not
too small, and drives the angle in the desired direction. Nevertheless, working examples
can be found in the SM as well. Obviously, this result implies that the two-zero textures
with mν12 = mν23 = 0 and mν13 = mν23 = 0 are possible as well.
One can see from the numerical precision of the above mν and Yν at the GUT scale
that some tuning is necessary to obtain acceptable results. However, this is not that
surprising considering that one needs an O(10−5 eV2) mass squared difference between
mass eigenvalues whose squares are of the order of 10−2 eV2. Furthermore, there is a lot
of freedom to rearrange the values of the Yukawa couplings.
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Figure 1: Running from vanishing neutrino mixing (left column) or a three-zero texture with mν33 =
mν12 = mν13 = 0 (right column) at the GUT scale MGUT = 10
16 GeV to the LMA solution at low
energy. We used the MSSM with tanβ = 50 and a SUSY breaking scale MSUSY = 1 TeV. The kinks in
the plots stem from integrating out the heavy singlets and the SUSY particles at their mass thresholds
and the SUSY breaking scale, respectively. The mass eigenvalues are defined using the constant vacuum
expectation value v = v(0) ≈ sinβ · 246 GeV.
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3.3 Zeros in the 33-, 12- and 13-Entries
Finally, we consider an example where both Majorana phases equal pi. As we derived in
section 2, it should be possible to create zeros in the entries mν22 , mν33 , mν12 , ormν13 in this
case. The two-zero textures involving these elements (cases B and C in the classification
of [10, 11]) are compatible with data anyway. Therefore, we pursue the more ambitious
goal of creating a three-zero texture with mν33 = mν12 = mν13 = 0. Again, we use the
MSSM with tanβ = 50 and MSUSY = 1 TeV. The mass of the lightest neutrino at low
energy is about 0.21 eV. The light neutrino mass matrix and the Yukawa couplings at the
GUT scale are
mν(MGUT) =


−0.30554 0 0
0 −0.0006 0.3328
0 0.3328 0

eV, Yν(MGUT) =


−0.04 0 −0.05
0.01 0.27 0
0.01 −0.35 0.61

.
The singlet neutrinos have the massesM1 ≈ 10
11 GeV,M2 ≈ 5·10
12 GeV, andM3 ≈ 4·10
13
GeV. For the oscillation parameters at low energy, we find θ12 ≈ 35
◦, θ13 ≈ 0.01
◦, θ23 ≈ 45
◦,
δ = 0, ∆m2
⊙
≈ 7.6 · 10−5 eV2, and ∆m2a ≈ 2.0 · 10
−3 eV2. Their running is displayed in the
right column of figure 1. In this example, the value of θ23 remains approximately 45
◦ at
all energies, since its RG evolution is strongly damped by the Majorana phases. At high
energies, the mass ordering is inverted, but it changes to a normal hierarchy because the
running of ∆m2
⊙
is very different from that of ∆m2
a
. Of course, it is also possible to create
a zero mν22 instead of mν33 . However, both diagonal elements can vanish at the same time
only if mν12 or mν13 remains finite.
4 Discussion and Conclusions
In this paper, the stability of zeros in neutrino mass matrices under quantum corrections
has been studied and the consequences for the compatibility with experimental data have
been discussed. We have considered a see-saw scenario with heavy singlet neutrinos where
texture zeros in the effective mass matrix of the light neutrinos are assumed to be explained
at the GUT scale. The discussion was performed in the basis where the mass matrix of the
charged leptons is diagonal. The contributions of the off-diagonal elements of the neutrino
Yukawa couplings to the RG running of the neutrino mass matrix can then replace the
texture zeros by non-vanishing entries. From a bottom-up perspective, we have called this
radiative generation of texture zeros. The positions where texture zeros can be generated
depend on the CP parities of the mass eigenstates. As a consequence of this analysis,
we find that some textures for the neutrino mass matrix that have been classified as
incompatible with experimental data are not excluded. We find that three of the six
forbidden two-zero textures as well as several three-zero textures are allowed. We have
also shown that the radiative generation of texture zeros is not possible for hierarchical
neutrino masses or for Majorana phases significantly different from 0 and pi. Hence, the
usual classification of forbidden and allowed textures applies in these cases. Texture zeros in
the 12- and 13-entries of the mass matrix can also be created for arbitrary Majorana phases
as long as they are approximately equal. The validity of our results was demonstrated by
numerical examples. We included even a case where acceptable low-energy mixings are
generated starting from a fully diagonal effective neutrino mass matrix at the GUT scale.
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One should keep in mind that the mass matrix of the light neutrinos at high energy
scales is a secondary quantity derived from the neutrino Yukawa couplings and the Majo-
rana mass matrix of the singlet neutrinos. A more complete theory of flavour with texture
zeros would probably be based on some symmetry predicting zeros in these matrices. As
there are many possibilities, see e.g. [12, 13, 20], the analysis is beyond the scope of this
work and remains to be done in future studies. However, it is clear that a statement which
was found to be stable under radiative corrections in the present context will not change
as it does not depend on the origin of the zeros in the neutrino mass matrix. A change
is more likely the other way round: as the requirement of texture zeros in the Yukawa
couplings and Majorana mass matrix removes some free parameters, the radiative genera-
tion of texture zeros becomes harder. It does not necessarily become impossible, however,
since zeros in these matrices can be generated radiatively as well. It is also possible that
a flavour symmetry guarantees the changes in the positions of the zeros below the GUT
scale to be small. This obviously depends on the details of the model.
Another aspect concerns flavour-violating decays of charged leptons such as µ → eγ.
It should be possible to suppress these processes sufficiently by adjusting the Yukawa
couplings in such a way that the relevant elements of Y †ν Yν are very small.
Finally, one could also ask if an originally allowed texture can become forbidden at
low energy. In particular examples, this is certainly possible, but it can always be avoided
by choosing smaller Yukawa couplings, a smaller mass of the lightest neutrino or different
values of the Majorana phases, all of which are not very strongly restricted by experiment.
Hence, a complete exclusion of an allowed texture is not possible. In other words, the RG
evolution can make a forbidden texture allowed, but not vice versa.
Acknowledgments
This work was supported in part by the “Sonderforschungsbereich 375 fu¨r Astro-Teilchen-
physik der Deutschen Forschungsgemeinschaft”. We would like to thank Stefan Antusch,
Jisuke Kubo and Michael Ratz for interesting discussions and useful comments.
References
[1] H. Fritzsch, Weak interaction mixing in the six-quark theory, Phys. Lett. B73 (1978),
317–322.
[2] H. Georgi and C. Jarlskog, A new lepton-quark mass relation in a unified theory, Phys.
Lett. B86 (1979), 297–300.
[3] J. A. Harvey, P. Ramond, and D. B. Reiss, CP violation and mass relations in SO(10),
Phys. Lett. B92 (1980), 309.
[4] S. Dimopoulos, L. J. Hall, and S. Raby, A predictive ansatz for fermion mass matrices
in supersymmetric grand unified theories, Phys. Rev. D45 (1992), 4192–4200.
[5] G. F. Giudice, A new ansatz for quark and lepton mass matrices, Mod. Phys. Lett.
A7 (1992), 2429–2436, hep-ph/9204215.
11
[6] X.-G. He and W.-S. Hou, Relating the long b lifetime to a very heavy top quark, Phys.
Rev. D41 (1990), 1517.
[7] P. Ramond, R. G. Roberts, and G. G. Ross, Stitching the Yukawa quilt, Nucl. Phys.
B406 (1993), 19–42, hep-ph/9303320.
[8] Y.-F. Zhou, Textures and hierarchies in quark mass matrices with four texture-zeros,
(2003), hep-ph/0309076.
[9] Z.-z. Xing and H. Zhang, Complete parameter space of quark mass matrices with four
texture zeros, J. Phys. G30 (2004), 129–136, hep-ph/0309112.
[10] P. H. Frampton, S. L. Glashow, and D. Marfatia, Zeroes of the neutrino mass matrix,
Phys. Lett. B536 (2002), 79–82, hep-ph/0201008.
[11] W.-l. Guo and Z.-z. Xing, Implications of the KamLAND measurement on the lepton
flavor mixing matrix and the neutrino mass matrix, Phys. Rev. D67 (2003), 053002,
hep-ph/0212142.
[12] A. Kageyama, S. Kaneko, N. Shimoyama, and M. Tanimoto, See-saw realization of
the texture zeros in the neutrino mass matrix, Phys. Lett. B538 (2002), 96–106,
hep-ph/0204291.
[13] M. Bando and M. Obara, Neutrino mass matrix predicted from symmetric texture,
Prog. Theor. Phys. 109 (2003), 995–1015, hep-ph/0302034.
[14] M. Honda, S. Kaneko, and M. Tanimoto, Prediction of Ue3 and its stability in neutrino
mass matrix with two zeros, JHEP 09 (2003), 028, hep-ph/0303227.
[15] Z.-z. Xing, The Majorana neutrino mass matrix with one texture zero and one van-
ishing eigenvalue, Phys. Rev. D69 (2004), 013006, hep-ph/0307007.
[16] Z.-z. Xing, Flavor mixing and CP violation of massive neutrinos, Int. J. Mod. Phys.
A19 (2004), 1–80, hep-ph/0307359.
[17] M. Bando, S. Kaneko, M. Obara, and M. Tanimoto, Can symmetric texture reproduce
neutrino bi-large mixing?, Phys. Lett. B580 (2004), 229–235, hep-ph/0309310.
[18] B. R. Desai, D. P. Roy, and A. R. Vaucher, Three-neutrino mass matrices with two
texture zeros, Mod. Phys. Lett. A18 (2003), 1355–1366, hep-ph/0209035.
[19] Z.-z. Xing and H. Zhang, Lepton mass matrices with four texture zeros, Phys. Lett.
B569 (2003), 30–40, hep-ph/0304234.
[20] S. Zhou and Z.-z. Xing, A systematic study of neutrino mixing and CP violation from
lepton mass matrices with six texture zeros, (2004), hep-ph/0404188.
[21] M. Randhawa, G. Ahuja, and M. Gupta, Implications of texture 4 zero lepton mass
matrices for U(e3), Phys. Rev. D65 (2002), 093016, hep-ph/0203109.
12
[22] Y. Koide, H. Nishiura, K. Matsuda, T. Kikuchi, and T. Fukuyama, Universal texture
of quark and lepton mass matrices and a discrete symmetry Z(3), Phys. Rev. D66
(2002), 093006, hep-ph/0209333.
[23] P. S. Gill and M. Gupta, Implications of 4 texture zeros mass matrices for neutrino
anomalies, Phys. Rev. D57 (1998), 3971–3976.
[24] W. Grimus, A. S. Joshipura, L. Lavoura, and M. Tanimoto, Symmetry realization of
texture zeros, (2004), hep-ph/0405016.
[25] P. H. Chankowski and Z. Pluciennik, Renormalization group equations for seesaw
neutrino masses, Phys. Lett. B316 (1993), 312–317, hep-ph/9306333.
[26] K. S. Babu, C. N. Leung, and J. Pantaleone, Renormalization of the neutrino mass
operator, Phys. Lett. B319 (1993), 191–198, hep-ph/9309223.
[27] S. Antusch, M. Drees, J. Kersten, M. Lindner, and M. Ratz, Neutrino mass operator
renormalization revisited, Phys. Lett. B519 (2001), 238–242, hep-ph/0108005.
[28] S. Antusch, M. Drees, J. Kersten, M. Lindner, and M. Ratz, Neutrino mass operator
renormalization in two Higgs doublet models and the MSSM, Phys. Lett. B525 (2002),
130–134, hep-ph/0110366.
[29] T. Yanagida, in Proceedings of the Workshop on the Unified Theory and the Baryon
Number in the Universe (O. Sawada and A. Sugamoto, eds.), KEK, Tsukuba, Japan,
1979, p. 95.
[30] S. L. Glashow, The future of elementary particle physics, in Proceedings of the
1979 Carge`se Summer Institute on Quarks and Leptons (M. Le´vy, J.-L. Basdevant,
D. Speiser, J. Weyers, R. Gastmans, and M. Jacob, eds.), Plenum Press, New York,
1980, pp. 687–713.
[31] M. Gell-Mann, P. Ramond, and R. Slansky, Complex spinors and unified theories,
in Supergravity (P. van Nieuwenhuizen and D. Z. Freedman, eds.), North Holland,
Amsterdam, 1979, p. 315.
[32] R. N. Mohapatra and G. Senjanovic´, Neutrino mass and spontaneous parity violation,
Phys. Rev. Lett. 44 (1980), 912.
[33] M. E. Machacek and M. T. Vaughn, Two loop renormalization group equations in a
general quantum field theory. 2. Yukawa couplings, Nucl. Phys. B236 (1984), 221.
[34] Y. F. Pirogov and O. V. Zenin, Two-loop renormalization group restrictions on the
standard model and the fourth chiral family, Eur. Phys. J. C10 (1999), 629–638,
hep-ph/9808396.
[35] N. K. Falck, Renormalization group equations for softly broken supersymmetry: The
most general case, Z. Phys. C30 (1986), 247.
[36] M. Tanimoto, Renormalization effect on large neutrino flavor mixing in the minimal
supersymmetric standard model, Phys. Lett. B360 (1995), 41–46, hep-ph/9508247.
13
[37] J. A. Casas, J. R. Espinosa, A. Ibarra, and I. Navarro, Naturalness of nearly degenerate
neutrinos, Nucl. Phys. B556 (1999), 3–22, hep-ph/9904395.
[38] J. A. Casas, J. R. Espinosa, A. Ibarra, and I. Navarro, Nearly degenerate neutri-
nos, supersymmetry and radiative corrections, Nucl. Phys. B569 (2000), 82–106,
hep-ph/9905381.
[39] S. F. King and N. N. Singh, Renormalisation group analysis of single right-handed
neutrino dominance, Nucl. Phys. B591 (2000), 3–25, hep-ph/0006229.
[40] S. Antusch, J. Kersten, M. Lindner, and M. Ratz, Neutrino mass matrix running for
non-degenerate see-saw scales, Phys. Lett. B538 (2002), 87–95, hep-ph/0203233.
[41] P. H. Chankowski, W. Krolikowski, and S. Pokorski, Fixed points in the evolution of
neutrino mixings, Phys. Lett. B473 (2000), 109, hep-ph/9910231.
[42] J. A. Casas, J. R. Espinosa, A. Ibarra, and I. Navarro, General RG equations for
physical neutrino parameters and their phenomenological implications, Nucl. Phys.
B573 (2000), 652, hep-ph/9910420.
[43] S. Antusch, J. Kersten, M. Lindner, and M. Ratz, Running neutrino masses, mixings
and CP phases: Analytical results and phenomenological consequences, Nucl. Phys.
B674 (2003), 401–433, hep-ph/0305273.
[44] M. Maltoni, T. Schwetz, M. A. Tortola, and J. W. F. Valle, Status of three-neutrino os-
cillations after the SNO-salt data, Phys. Rev. D68 (2003), 113010, hep-ph/0309130.
[45] T. Miura, T. Shindou, and E. Takasugi, Exploring the neutrino mass matrix at M(R)
scale, Phys. Rev. D66 (2002), 093002, hep-ph/0206207.
[46] E. J. Chun and S. Pokorski, Slepton flavour mixing and neutrino masses, Phys. Rev.
D62 (2000), 053001, hep-ph/9912210.
[47] P. H. Chankowski and S. Pokorski, Quantum corrections to neutrino masses and
mixing angles, Int. J. Mod. Phys. A17 (2002), 575–614, hep-ph/0110249.
[48] S. Antusch and M. Ratz, Supergraph techniques and two-loop beta-functions for renor-
malizable and non-renormalizable operators, JHEP 07 (2002), 059, hep-ph/0203027.
[49] P. H. Chankowski, A. Ioannisian, S. Pokorski, and J. W. F. Valle, Neutrino unification,
Phys. Rev. Lett. 86 (2001), 3488–3491, hep-ph/0011150.
[50] K. S. Babu, E. Ma, and J. W. F. Valle, Underlying A(4) symmetry for the neu-
trino mass matrix and the quark mixing matrix, Phys. Lett. B552 (2003), 207–213,
hep-ph/0206292.
[51] S. Antusch and M. Ratz, Radiative generation of the LMA solution from small solar
neutrino mixing at the GUT scale, JHEP 11 (2002), 010, hep-ph/0208136.
14
